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Abst rac t - -Many  real world problems concerning the management of natural renewable resources 
are appropriately modeled and formulated as stabilization problems of uncertain dynamical systems 
subject o control constraints. 
Based on the recent results of Corless and Leitmann [1] on the design of bounded controllers for a 
class of nonlinear uncertain systems that assure robust exponential convergence to a neighborhood of
the origin, a componentwise bounded harvest strategy isproposed for the management of an ecological 
system of two competing species at some desired prescribed level in the presence of bounded system 
and input uncertainties. 
Keywords - -Eco log ica l  modelling, Bounded stabilizing harvest strategies. 
1. INTRODUCTION 
Generally, real world problems of engineering, economics, biology, agriculture, medicine, and 
human systems have constraints on the control variables. In many situations, those control con- 
straints are neglected in the problem formulation process; that may be either because the inclusion 
of them may further increase the complexity of the problems, thus making them very hard to 
solve if not unsolvable, or because from intuitive or physical consideration, those constraints are 
not active in the regions of interest. In other circumstances, control constraints cannot be left 
out of the problem formulation. That becomes obvious if satisfaction of the control constraints is 
one of the major objectives of the studies for which the model is designed. For example, in many 
drug administration problems, see [2,3] and references cited therein, the control variable is in the 
form of drug infusion rate. Thus, if we want to model the avoidance of undesirable side effects 
of the drug, then the inclusion of the control constraint in the problem formulation is important 
and necessary. Similarly, in many management problems of renewable natural resources, the 
control variable is in the forms of harvest rate or harvest effort. In [4], the authors examined 
an unconstrained harvest strategy which stabilizes the biomass of an ecological system about a 
desired level in the presence of uncertain disturbances. However, it was pointed out that if the 
initial biomass is small relative to the desired biomass, the proposed unconstrained harvest rate 
might be negative; that corresponds to returning crop rather than taking it. Thus, if for practical 
reason, zero control is utilized, then it would result in no assurance of reaching a biomass that is 
arbitrarily close to the desired level. 
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In [5], the results obtained recently by Corless and Leitmann [1,6] on the design of bounded 
controllers for a class of nonlinear uncertain systems that assure exponential convergence were 
utilized to obtain a bounded harvest strategy for an ecological system of one species in the presence 
of uncertain disturbances. In this paper, we employ the results of [1] to obtain componentwise 
bounded harvest strategies which stabilize the biomasses of two competing species in the presence 
of bounded uncertain disturbances. 
2. PROBLEM FORMULATION 
Consider the following model of two competing species ubject to human exploitation: 
Yl = yl (OZl -/~lY2 - 71yl - 51hi) (2.1) 
92 = Y2 ((~2 -/32yl - 72Y2 - 62h2), 
where yi(t) denotes the biomass at time t of species i, i = 1,2. 9i(t) and hi(t), respectively, 
represent the time derivative of yi(t), and the human harvest effort of species i, i = 1, 2. ai(t), 
13i(t), 7i(t), and 5i(t), i = 1, 2, are time-varying parameters which are not known to us except 
that they are of the form 
~i(t) = ~* + A~i(t), 
i = 1, 2 (2.2) 
7i(t) = 7~ + ATi(t), 
5i(t) = 5* + ASi(t) 
with the uncertain parts, Aai(t) ,  A/3i(t), Afi(t) ,  and ASi(t), i = 1, 2, satisfying 
]A3i(t)r < ~3i ,  
i = 1, 2, (2.3) 
1~si(t)f < zxsi, 
where aT, ~*, 7~, 5"2, Aai ,  A~i, ATi, and ASi, i = 1, 2, are known positive constants. On the 
right-hand side of (2.1), the first term of equation i, i -- 1, 2, accounts for the natural growth 
rate of the species i. The second term describes the rate of decrease of species i due to the 
inhibiting effect exerted onto the species i by members of the other competing species. The 
third term denotes the rate of decrease of species i due to the inhibiting effect exerted onto 
one another by members of the same species, namely, species i. The last term of equation i, 
i = 1, 2, represents the rate of removal of the system biomass due to harvest effort hi(t) by 
human exploitation. Here, as in [5], we also consider the problem of harvesting natural renewable 
resources where no replenishment of stocks are allowed; hence the harvest strategies are restricted 
to hi(t) ~ 0, i = 1, 2. Suppose that it is desired to maintain the biomass yi(t) of species i at some 
predetermined level y~, i -- 1, 2. Then, in the absence of uncertain disturbances, the constant 
steady state harvest efforts h*, which correspond to y*, i = 1, 2, are given by 
h~ = .1 [a~ - 3~Y~ - ~/~Y~] 
(2.4) I 
For our subsequent discussion to be meaningful, we assume that 
C~l ;> /31Y2 +~1Yl, 
$ $ $ * $ 
c~2 > 32 Yz - 7)'2 Y2. 
Competing Species System 103 
We consider  the harvest  effort constra ints  
0 _< hi(t)  _</~, i = 1, 2, 
where /~,  i = 1, 2, are prescr ibed constants ,  and/~i  -> h~, i = 1, 2. 
Let  
xi(t )  = In yi(t)  
i = 1,2. 
l f i  u~(t) = hi(t)  - -~ ~, 
Using (2.2) and (2.5), (2.1) becomes 1
2 
/: = Ax + E [B, (u~ + e~)], 
i :1  
where  
x = (x l ,x2)  T ,  B = (B1 ,B2) ,  B1 = ( -51 ,0 )  T ,  B2 = (0 , -~)  m 
1{ 
e I = ----~ o~ -- ~]~1 -- ( /~ -b /~/~1) Y~e x2 -- (7~ + A'yl)  y~e x~ 
} +Aal -A~I  h i+u1 + ax l  , 
1 {ot; - -15~/{2 - (/3~ + A¢32) y;e  z' - (7~ + A'72) y~e z2 e2 = - 5-~ 2 
and for g iven constant  a > 0, 0) 
0 --a ' 
The  above harvest  effort constra ints  become 
l f i  <_ ~(t)  < _ 1 ~h~, i = 1,2. 
~ 2 
The unknown d is turbance  inputs  e~, i = 1, 2, sat isfy 
(2.5) 
(2.6) 
(2.7) 
where 
{1 } 
{1  } 
1 
k2~ = ~A61,  
1 
k22 = ~-A52.  
1Henceforth, for the sake of brevity, we omit the argument . 
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3. THE CONSTRAINED STABIL IZ ING CONTROLLER 
In this section, we utilize the recent results of Corless and Leitmann [1] to obtain a bounded 
nonnegative harvest strategy that  exponential ly stabilizes the uncertain ecological system (2.1) 
at the desired level y*, i = 1,2, regardless of the realization of Ac~i, A~,  ATi , and Ah~, i = 1, 2. 
Consider the bounded harvest effort 
U c = pC(x) = --pis @- IBT iPx)  - -fiisat (~-~-iffi (l[xll) BTpx) ,  (3.1) 
where 
k0~ 1~. 
(7 -~ (2/~t)kli(llx[I) 2
 i(llxlL) = 2(1  - k2 , )  ' = 1 ,2 ,  
and a and # are two arbitrari ly chosen positive numbers. The functions s(.) and sat(.) ,  respec- 
tively, are given by 
z, if Iz] < 1 
z sat(z)  = z 
s(z)  - l + lzl '  -~l' i f l z l> l .  
For our problem, P is a 2 x 2 positive definite symmetr ic matr ix  satisfying the Riccati equation 
P(A  + c~I) + (A + C~I) T p -- aPBB- r  P + #I  = O. 
The positive scalar e is chosen sufficiently small to satisfy 
OLC* 2 
< 6" = with c* = rain (Cl, c2), (3.2) 
ko 
2 
where ko = }-~i=1 k0i and ci > 0 satisfies 
)~i [~# ~- 2kli (~ci)  2] ci 
_< Pi (3.3) 
2~ (1 - k2i) 
"~i = [/~max (BiTPBi)] 1/2, ~ ~-[/~min(P)] -1 /2 ,  i~--- 1,2. 
I t  suffices to constrain x(0) to A = {x : xTPx  <_ c .2} to ensure exponential convergence of x to 
the neighborhood B(r~) = {x : []xl[ _< rs} of the origin where 
=[ 
r~ [~Amin(P)J 
In the absence of control constraints, we let ui(t)  = hi(t)  so that  the terms containing/[ i  do not 
t t  occur in koi, i = 1, 2. The unconstrained controls u i are given by 
u~ = pU(x) = -p i s  (s-IBTi px)  - 7 i ( ] ]x l l )BTPx,  i = 1, 2, 
which can be obtained from (3.1) by replacing the saturat ion term in (3.1) by its argument; 
see [1]. 
4. S IMULAT ION RESULTS 
In this section, we present some simulation results to i l lustrate the salient feature and usefulness 
of the proposed bounded controller. For comparison purposes, we also display simulation results 
u X utilizing the unconstrained control u u = Pi ( ) ,  i = 1, 2. 
We select 
C~ 1. ~- 4, ~ : 0.05, "~1" ~- 0.10, 51. = 1 
(~2 ----- 3, D2 ----- 0.07, 72 = 0.08, 5; = 1 
Ac~l = 0.4, A~I  ----- 0.005, A3,1 = 0.01, A61 = 0.1 
Ac~2 = 0.3, A~2 ----- 0.007, A~' 2 = 0.008, A52 = 0.1 
y~'----5, y~ =1 and h /=2h~,  i=1,2 .  
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Consequently, h~ = ~ = 3.45, h~ = ~-~ = 2.57. For the constrained stabilizing control parameters, 
we choose 
c~ = 0.2, a = 0.5, ~ = 1, # = 5. 
It follows that 
k01 = 1.9, k02 = 1.46, k0 = 3.36, k21 = 0.1, k22 = 0.1 
kll=O.5+O.605(ellXli-l) k12=0.5+0.473(e  IIxll-1) 
II ll ' II ll 
Pl : 2.11, t51 = 1.34, P2 = 1.62, t52 = 0.95, 
Pl l  = 1.956, P12 = 0, P22 = 1.956, c* = 0.038. 
Condition (3.2) is satisfied for e = 0.025 with c* = 0.80. It follows that A = {x : I]xH < 0.572} 
and r~ -- 0.463. Thus, for exponential convergence of all state trajectories to the neighbor- 
hood B(r~), it is sufficient hat I[x(0)][ < 0.572. 
Simulations were carried out for two realizations of the parameter uncertainties and for eight 
pairs of initial values of (xl, x2): 
Aai(t) = -Aa i ,  Afii(t) = Aft i, ATi(t ) = A7i, £5~(t) = Ahi, i = 1,2. (4.1) 
Aozi(t) : random variable c [-A-ai, ~-~i], 
Afii(t) : random variable E [--Afii, Afii], i = 1, 2 (4.2) 
ATe(t) : random variable C [-A--7~, A~h], 
A~i(t) : random variable c [ -~ ,  ~ i ] ,  
and (xl(0),x2(0)) = (±0.572,0), (0, ±0.572), and (+2.5, d:2.0). The first four pairs of initial 
values of (xl, x2) satisfy x(0) E A, while the other four pairs do not. (xl(0), x2(0)) = (+0.572, 0), 
(0, ±0.572), and (+2.5, i2.0) correspond to (yl(0), y2(0)) = (8.86, 1), (2.82, 1), (5, 1.77), (5, 0.56), 
(60.91, 7.39), (60.91, 0.14), (0.41, 7.39), and (0.41,0.14), respectively. 
Figures la and lb display, respectively, the time histories of the biomasses of species No. 1, 
yl(t), and species No. 2, y2(t), as a result of employing the constant harvesting efforts h i for 
species No. 1, and h i for species No. 2 in the absence of uncertain disturbances. 
Figures 2-8 correspond to the realizations of the parameter uncertainties (4.1). Figures 2a 
and 2b display, respectively, the time histories of the biomasses of species No. 1, yl(t), and 
species No. 2, y2(t), as a result of employing the constant harvesting efforts h~ fbr species No. 1, 
and h~ for species No. 2. 
Figures 3a(i),(ii) and 3b(i),(ii) display simulation results for the two pairs of initial values (Yl (0), 
y2(0)) = (8.86, 1) and (2.82, 1). Figures 3a(i) and 3b(i) display, respectively, the time histories 
of the biomasses of species No. 1, y~(t), and species No. 2, y~(t), as a result of utilizing the 
constrained stabilizing harvest efforts h~ and h~ which are depicted in Figures 3a(ii) and 3b(ii), 
respectively. 
Figures 4a(i),(ii) and 4b(i),(ii) show simulation results for the two pairs of initial values (yl(0), 
y2(0)) = (5,1.77) and (5,0.56). Figures 4a(i) and 4b(i) display, respectively, the time histories 
of the biomasses of species No. 1 and species No. 2 as a result of employing the constrained 
stabilizing harvest efforts which are depicted in Figures 4a(ii) and 4b(ii), respectively. 
In order to illustrate the conservativeness of the assured set of attraction A, we also present 
simulation results for the four pairs of initial states mentioned above that lie outside set ,4. 
Figures 5a(i),(ii) and 5b(i),(ii) display simulation results for the pair of initial values (yl(0), 
y2(0)) = (60.91,7.39). Figures ha(i) and 5b(i) display the time histories of the biomasses of 
species No. 1, Yl (t), and species No. 2, y2(t), respectively, ~ represents the biomass of species i 
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as a result of utilizing the unconstrained stabilizing harvest efforts h?~, i -- 1, 2. Both h~ and h~' 
are depicted in Figure 5a(ii) and both h~ and h~ are depicted in Figure 5b(ii). 
Figures 6a(i),(ii) and 6b(i),(ii) display simulation results for the pair of initial values (yl(0), 
y2(0)) = (60.91, 0.14). Figures 6a(i) and 6b(i) show, respectively, the time histories of the bio- 
masses of species No. 1 and species No. 2. The corresponding constrained and unconstrained 
stabilizing harvest efforts are depicted in Figures 6a(ii) and 6b(ii), respectively. 
Figures 7a(i),(ii), 7b(i),(ii) show simulation results for the pair of initial values (yl(0), y2(0)) = 
(0.41, 7.39). Figures 7a(i) and 7b(i) show, respectively, the time histories of the biomasses of 
species No. 1 and species No. 2 as a result of employing the constrained and unconstrained 
stabilizing harvest efforts which are displayed in Figures 7a(ii) and 7b(ii), respectively. 
Figures 8a(i), (ii), 8b(i), (ii) show simulation results for the pair of initial values (Yl (0), Y2 (0)) = 
(0.41,0.14). Figures 8a(i) and 8b(i) display, respectively, the time histories of the biomasses 
of species No. 1 and species No. 2 as a result of employing the constrained and unconstrained 
stabilizing harvest efforts which are shown in Figures 8a(ii) and 8b(ii), respectively. 
Figures 9-12 correspond to the realizations of the parameter uncertainties (4.2). Simulations 
were done for the four pairs of initial states that lie outside of Jr, namely, (yl(0),y2(0)) -- 
(60.91,7.39), (yl(0),y2(0)) -- (60.91,0.14), (yl(0),y2(0)) -- (0.41, 7.39) and (yl(0),y~(0)) -- 
(0.41,0.14). 
Figures 9a(i),(ii), 9b(i),(ii) display simulation results for the pair of initial values (yl(0), 
y2(0)) = (60.91, 7.39). Figures 9a(i) and 9b(i) show, respectively, the time histories of the bio- 
masses of species No. 1 and species No. 2 as a result of utilizing the constrained and unconstrained 
stabilizing harvest efforts shown in Figures 9a(ii) and 9b(ii), respectively. 
Figures 10a(i),(ii) and 10b(i),(ii) display simulation results for the pair of initial values (yl(0), 
y2(0)) = (60.91,0.14). Figures 10a(i) and 10b(i) display, respectively, the time histories of the 
biomasses of species No. 1 and species No. 2 as a result of employing the constrained and uncon- 
strained stabilizing harvest efforts depicted in Figures 10a(ii) and 10b(ii), respectively. 
Figures 11a(i),(ii) and 11b(i),(ii) depict simulation results for the pair of initial values (yl(0), 
y2(0)) = (0.41,7.39). Figures 114(i) and 11b(i) display, respectively, the time histories of the 
biomasses of species No. 1 and species No. 2 as a result of employing the constrained and uncon- 
strained stabilizing harvest efforts shown in Figures 114(ii) and 11b(ii),. respectively. 
Finally, Figures 12a(i),(ii) and 12b(i),(ii) display simulation results for the pair of initial values 
(yl(0),y2(0)) = (0.41,0.14). Figures 12a(i) and 12b(i) depict, respectively, the time histories 
of the biomasses of species No. 1 and species No. 2 as a result of utilizing the constrained and 
unconstrained stabilizing harvest efforts shown in Figures 124(ii) and 12b(ii), respectively. 
From Figures la and lb, 24 and 2b, we observe that the utilization of the constant harvest 
efforts h~, i = 1, 2 is far from satisfactory in stabilizing the biomasses of the ecosystem "near" 
the respective desired biomasses, even for the case of no uncertain disturbances. 
From Figures 5-12, we observe that although the unconstrained stabilizing harvest efforts are 
able to steer the biomasses of the ecosystem slightly faster to the respective desired levels, they 
violate the nonnegativity constraint. Thus, from the practical point of view, the constrained 
stabilizing harvest efforts are preferred. Furthermore, we also observe that, although all the four 
pairs of initial values of x used do not belong to ,4, simulation results still show exponential 
convergence. Thus, the requirement that x(0) belong to .4, while sufficient, is conservative. 
5. CONCLUSION 
In this paper, we utilize the recent results of Corless and Leitmann [1] on the design of bounded 
controllers that assure exponential convergence for a class of nonlinear uncertain systems to ob- 
tain bounded stabilizing harvest strategies that stabilize the biomasses of the ecosystem of two 
competing species "near" the desired prescribed levels in the presence of uncertain but bounded 
disturbances. The inclusion of control constraints in the formulation of many management prob- 
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lems of renewable natura l  resources enhances  the real ism of the model  and  renders the results 
more useful. 
APPENDIX  
Cons ider  the system 
~(t) = f ( t ,  x(t)) ,  (A.1) 
where t C R, x(t) E R n. For any scalar r _> 0, the bail  of radius r is def ined by B(r)  = {x E R '~ : 
Ixl <_ r}. 
Cons ider  a scalar a > 0 and  a set ,zl C R ~ conta in ing  a ne ighborhood of 0. 
DEFINITION A.1.  System (A.1) is uniformly exponentially convergent o B(r)  with rate a and 
region of attraction A if there exists a scalar/3 > 0 such that the following hold: 
(i) Existence of solutions. For each to E R and xo E A,  there exists a solution x(.) : [to, t l )  
R n, to < tl,  of (A.1) with x(to) = xo. 
(ii) Indefinite extension of solutions. Each solution x(.) : [to, tl) ---* R ~ of (A.I),  with x(to) c 
A,  has an extension 2(.) : [to, oo) ---. R "~, i.e., ~(t) = x(t) for all t E [to, t l )  and  7(.) is a 
solution of  (A.1). 
(iii) Uniform exponential convergence of solutions. I f  x(.) : [to, cxD) -~ R '~ is any solution 
of  (A.1) with x(to) E .4, then 
I Ix(t)l l  T + IIx(to)ll e vt  >_ to. 
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